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The study of the moduli space of embedded complete minimal surfaces in R 3 (up to homotheties) with finite total curvature and fixed topology is one of the fundamental open problems in the classical theory of minimal surfaces.
Let M(G, N ) be the space of complete, properly embedded minimal surfaces in R 3 with finite total curvature, genus G and N horizontal ends, modulo homotheties. Concerning the genus zero case, it is known that M(0, 1) is the plane, M(0, 2) is the catenoid, and M(0, N) is empty if N ≥ 3 (see [4] ). In higher genus, it is known that M(G, 2) is empty if G ≥ 1 (see [10] ), and M(1, 3) is the Costa Hoffman Meeks family of genus one (see [1] ). These are the only cases where M(G, N ) is completely understood.
The following two conjectures have been proposed in [2], Section 5.2:
Conjecture 1 (the Hoffman Meeks conjecture).
is the set of Costa Hoffman Meeks surfaces of genus G.
In view of the recent proof of the uniqueness of the Riemann minimal examples by Meeks, Perez and Ros [5], a possible strategy to prove these conjectures would be to prove that if a counterexample exists, then one can deform it until it degenerates. One would obtain a contradiction by proving that the set of counterexamples is compact -actually compactness is also useful to prove that one can deform. Vol. 79 (2004) Families of minimal surfaces 799
The subject of this paper is to prove compactness theorems for families of minimal surfaces, under some geometric assumptions.
Using ideas of H. Choi, R. Shoen and B. White, Antonio Ros [8] has proven that the moduli space M(G, N ) is weakly compact in the following sense: if (M n ) n is a sequence of embedded minimal surfaces with fixed genus G and number of ends N , then up to passing to a subsequence, (M n ) n converges to a finite set of embedded minimal surfaces {M 1,∞ , · · · , M m,∞ }. Roughly speaking, this convergence means that when n → ∞, the curvature concentrates in m disjoint small balls B 1,n , · · · , B m,n , and after suitable blow-up, each sequence M n ∩ B i,n converges to M i,∞ .
In this paper, we prove that the weak limit {M 1,∞ , · · · , M m,∞ } satisfies a set of algebraic equations which we call the balancing condition: Theorem 4. These equations relate the logarithmic growths of the ends and the "positions" of the limit surfaces M 1,∞ , · · · , M m,∞ . By the position of M i,∞ , we mean the limit (up to some scaling) of the center of B i,n . From the balancing condition, we deduce a single quadratic equation satisfied by the logarithic growths of the ends: Theorem 7.
We then use these tools to prove compactness theorems. What we need to prove is that the sequence (M n ) n converges to a single limit M 1,∞ . Typically, we prove that if m ≥ 2, then the quadratic equation has a sign, so it cannot be zero.
Concerning the first conjecture, we obtain the following result:
Theorem 1. Consider some G ≥ 1 and assume that M (G , N ) is empty for all G < G and all N ≥ G + 3. Then for all N ≥ G + 3, M(G, N ) is compact.
In other words, if the conjecture is known to be true for all G < G, then the set of counterexamples in the genus G case is compact. This might be useful in an inductive proof of the conjecture.
Since the conjecture is known to be true for G = 0, we obtain Corollary 1. If N ≥ 4, then M(1, N) is compact.
This was obtained by A. Ros in [8] when N ≥ 5 using a quite different argument.
Regarding the second conjecture, we prove the following result. Let M be an embedded minimal surface with N ends. It is well known that the logarithmic growths of the ends satisfy c 1 ≤ c 2 ≤ · · · ≤ c N . Definition 1. We say an embedded minimal surface with N ends has separated ends if c 1 < c 2 < · · · < c N .
Given ε > 0, we say that the surface has ε-separated ends if c k+1 − c k ≥ ε(c N − c 1 ) for all 1 ≤ k ≤ N − 1. Note that this condition if invariant by scaling.
We say that a sequence (M n ) n has uniformly separated ends if there exists ε > 0 such that all M n have ε-separated ends.
